arXiv: 1504.03122vl [math.AP] 13 Apr 2015 


A NONLINEAR LIOUVILLE THEOREM FOR 
FRACTIONAL EQUATIONS IN THE HEISENBERG 

GROUP 

ELEONORA CINTI AND JINGGANG TAN 


Abstract. We establish a Liouville-type theorem for a subcrit- 
ical nonlinear problem, involving a fractional power of the sub- 
Laplacian in the Heisenberg group. To prove our result we will use 
the local realization of fractional CR covariant operators, which 
can be constructed as the Dirichlet-to-Neumann operator of a de¬ 
generate elliptic equation in the spirit of Gaffarelli and Silvestre 
[9], as established in [16]. The main tools in our proof are the GR 
inversion and the moving plane method, applied to the solution of 
the lifted problem in the half-space H” x R+. 


1. Introduction and Main Results 

In this paper we establish a Liouville-type result for the following 
fractional nonlinear problem in the Heisenberg group: 

Piu = uP in H”. (1.1) 

Here Vi denotes a CR covariant operator of order 1/2 in H", whose 
principal symbols agree with the pure fractional power 1/2 of the 
Heisenberg Laplacian —A^. In [16] Frank, Gonzalez, Monticelli and 
one of the authors, study CR covariant operators of fractional orders 
on orientable and strictly pseudoconvex CR manifolds. In particular, 
they focuse on the construction of such operators as the Dirichlet-to- 
Neumann map associated to a degenarate elliptic equation in the spirit 
of Caffarelli and Silvestre |H]. 

In this context, the Heisenberg group H" plays the same role as M” in 
conformal geometry, in the sense that, as shown by Folland and Stein 
in [13], H” approximates the pseudohermitian structure of a general 
orientable and strictly pseudoconvex CR manifolds (see also [26]). 
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Given a Kahler-Einstein manifold df, CR covariant operators of frac¬ 
tional order 7 are pseudodifferential operators whose principal symbol 
agrees with the pure fractional powers of the CR sub-Laplacian on the 
boundary M = dX. They can be dehned using scattering theory, as 
done in [1211221 [2T1[20]. In the particular case of the Heisenberg group, 
they are the intertwining operators on the CR sphere, which can be 
calculated using representation theory techniques (see 0 )- 

In [in], in order to construct fractional CR covariant operators in 
the specihc case of the Heisenberg group, H” is identihed with the 
boundary of the Siegel domain in (see Section 2 for the precise 

dehnition) and it is crucial to use its underlying complex hyperbolic 
structure. 

Another possible approach in the construction of fractional powers 
of the sub-Laplacian consists in using purely functional analytic tools 
as done by Ferrari and Franchi [15] who proved an extension result for 
fractional operators dehned by using the spectral resolution of the sub- 
Laplacian in general Carnot groups, see also [131 EB] • The operators 
considered in [13] are different in nature from the ones in [TB], they 
correspond to the pure fractional powers of the sub-Laplacian and do 
not enjoy the CR covariance property. 

Since it will be of utmost importance in the sequel, we recall here 
the extension result proven in |16j . 


Theorem 1.1 (see Theorem 1.1 in [H]). Let 7 G (0, 1), a = 1 — 27 . 
For each u G C'°°(]HI"'), there exists a unique solution S^u = U for the 
extension problem 


d^U adU 1 

av + A aA + ^ ^ + 2^“^ 

u = 


0 in := x M’*', 
on = H” X {A 


0 }. 

( 1 . 2 ) 


Moreover, 


where is 
by 


V-yU = —c^ lim A' 

' ' A^O 


,dU 


a constant depending only on 7 which precise value is given 

■ 2^^~ 


= 


T(7) 027-1 


7r(-7) 


In (II. 2p Ae denotes the sublaplacian in the Heisenberg group, which 
precise dehnition is given in Section 2 below. Observe that, diherently 
from the extension result established in [TB], here we have the addi¬ 
tional term A^^|^ which appears when one considers CR fractional 
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sub-Laplacian. 

becomes: 


and we have 


When a = 1/2 the eqnation in (II.2^ satisfied by U 


d^U 




0 , 


(1.3) 


Viu 


, dU 

-Cl hm —. 

2 A^o dX 


Replacing A in fll.3p by \/2A, we will consider the operator 


£ - A„ + ifi + (1.4) 

Onr Lionville-type theorem is the analogne, for the fractional oper¬ 
ator Pi, of a resnlt by Birindelli and Prajapat [1], for the snblaplacian 
Ae. In 0, the anthors establish a nonexistence resnlt for a class of 
positive solntion of the eqnation 


- Ahm = u^, (1.5) 

for p snbcritical (i.e. 0 < p < where Q = 2?7, -|- 2 denotes the 
homogeneons dimension of H"). The techniqne they nsed is based 
on the moving plane method (which goes back to Alexandrov [1] and 
Serrin [2^), adapted to the Heisenberg gronp setting. This method 
reqnires two basic tools: the maximnm principle and invariance nnder 
reflection with respect to a hyperplane. Since the operator —Ah is 
not invariant nnder the usnal reflection with respect to hyperplanes, 
Birindelli and Prajapat needed to introduce a new reflection, called 
reflection, under which —Ah is invariant. Since it will be important 
in the sequel, we recall here the definition of if-reflection. 


Definition 1.2. For any ^ = {x,y,t) G H”, we consider the plane 
:= {^ e H” : t = p}. We define 

:= (p,T,2/i-f), 

to be the H-reflection of ^ with respect to the plane T^. 

Due to the use of this reflection, the proof of the non existence 
result in [1] requires the solution u of fll.5p to be cylindrical, that 
is, u{x,y,t) = u{ro,t) must depend only on ro and t where ro = 
{\x\^ + \y\^)l 

We can now state our main result, which is the analogue for the 
operator Vi of the Liouville result contained in |1]. 
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Theorem 1.3. Let 0 < p < where Q = 2n + 2 is the homogeneous 
dimension ofIP. Then there exists no cylindrical solution u G 

of 


Viu = in H”, 

M > 0 in 


( 1 . 6 ) 


Using the local formulation fll.2p established in [16], the above the¬ 
orem will follow as a corollary of the following Liouville-type result for 
a nonlinear Neumann problem in the half-space H" x M’*'. 

Theorem 1.4. Let 0 < p < and U G C‘^{W x M+) nC'^(]HI"- x M+) 
he a nonnegative solution of 

ffjj 

(1.7) 

on X {A = 0}. 

OA 

Suppose that U{x,y,t, X) = U{rQ,t,X) depends only on rQ,t,X, where 
vq = (|a;p -I- li/P)^. Then U = 0. 


In the Euclidean case, classical nonexistence results for subcritical 
nonlinear problems in the all space M”' are contained in two works by 
Gidas and Spruck [T9| and by Chen and Li [TOj. Analogue results for 
nonlinear Neumann problems in the half-space M” where established 
in [2^ [25] , using the methods of moving planes and moving spheres. 

In the Heisenberg group setting there are several papers concerning 
nonexistence results for problem (ll.bh . Garofalo and Lanconelli [T7] 
proved some nonexistence results for positive solutions of (11.51) when 
p is subcritical, under some integrability conditions on u and Vm. In 
[231 [29] similar nonexistence results for positive solutions of fll.5p in 
the half-space are established for the critical exponent p = In [5], 
a Liouville-type result for solution of fll.Sp is proved without requiring 
any decay condition on m, but only for 0 < p < As explained 

before, in [1] Birindelli and Prajapat extends this last result to any 
0 < P < but only in the class of cylindrical solution. A last more 
recent result in this context was proven by Xu in [30], who established 
that there are no positive solution of f|1.5p for 0 < p < Ww- 
result uses a different technique, based on the vector held method, 
and improves the results contained in na and [5], since it does not 
require any decay on the solution u and it improves the exponent p. 
Nevertheless it seems not allow to reach the optimal exponent 

(observe that ^ 
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In this paper we aim to establish a hrst Liouville-type result for 
a CR fractional power of —Ae; this is, to our knowledge, the hrst 
nonexistence result in this fractional setting. 

Let us comment now on the basic tools in the proof of our main 
result. Following [1], in order to get a nonexistence result, we combine 
the method of moving planes with the CR inversion of the solution u. 

The CR inversion was introduced by Jerison and Lee in |26], and it is 
the analogue of the Kelvin transform, in the Heisenberg group context. 
In Section 3 we will give the precise dehnition of CR inversion and we 
will show which problem is satished by the CR inversion of a solution 
of (fTTl). 

As said before, the moving plane method is based on several version 
of the maximum principles. More precisely we will recall the classical 
Bony’s maximum principle and we will prove two versions of the Hopf’s 
Lemma (see Propositions 14.31 and 14.6|) . 

The paper is organized as follows: 

• in Section 2 we recall some basic facts on the Heisenberg group 
and we will introduce the fractional CR operator Vi ; 

• in Section 3 we will introduce the CR inversion of a function u 
and prove a lemma concerning the CR inversion of a solution 
of our problem fll.7p : 

• in Section 4 we establish a maximum principle and Hopf’s Lemma 
for our operator, which will be basic tools in the method of mov¬ 
ing planes; 

• in Section 5 we will prove our main results Theorems 11.31 and 

Ol 


2. Preliminary eacts on the Heisenberg group 

In this section we recall some basic notions and properties concerning 
the Heisenberg group, see also [B] and [25] . 

We will denote the points in H" using the notation ^ = {x, y, t) = 
{xi, ...,Xn,yi, e M"' X M” X M. The Heisenberg group H"' is 

the space endowed with the group law o dehned in the following 

way: 

n 

^o^-={x + x,y + y,i + t + 2 ^{xjijj - yjXj)). 

i=i 

The natural dilation of the group is given by 5^(0 •= (^3;, £?/, and 
it satishes o 0 = ^^(0 ° 
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In we will consider the gauge norm defined as 

n 

kle := 

i=l 

which is homogeneous of degree one with respect to Se. Using this 
norm, one can define the distance between two points in the natural 
way: 

where denotes the inverse of ^ with respect to the group action. 
We denote the ball associated to the gauge distance by 

Bu{^o,R) := {eee” : dH(e,eo) <i?}. 

Denoting by |y4| the Lebesgue measure of the set A, we have that 
|-Bh(^ 0,-R)| = |-BH(0,i?)| = 1)|. 


Here Q = 2n + 2 denotes the homogeneous dimension of H”. 

For every j = 1, • • • ,n, we denote by Xj, Yj, and T the following 
vector fields: 


X, 


d 

dxj 


2%' 




Y, 


A_9 1 

dyj 


T 


m' 


They form a basis of the Lie Algebra of left invariant vector fields. 
Moreover, an easy computions shows that [X^, Yj] = —46kjT. The 
Heisenberg gradient of a function / is given by 


XMf = {XJ,---,XJ,YJ,---,YJ). 


Finally, we define the sublaplacian as 

n 

Y.X + F) 


i=i 

n 




^ dx^ ' dy 


A <92 

4|/,' — 4a; 


^ dxjdt 




It can be written also in the form Ae = div(AV^), where A = is 
the (2n + 1) x (2n + 1) symmetric matrix given by Hkj = Skj for k,j = 
1, ...,2?r, nj(2n+l) ®(2n+l)j 2|/j for j 1, ...,?r, nj(2n+l) ®(2n+l)j 

-2xj for j = n + 1, ...,2n and a( 2 n+i)( 2 n+i) = 4(|a;p + |?/p). It is easy 
to observe that A is positive semidefinite for any {x,y,t) G HI”- This 
operator is degenerate elliptic, and it is hypoelliptic since it satisfies 
the Hormander condition. 
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We pass now to describe CR covariant operators of fractional orders 
in H”. For more precise notions of CR geometry and for the construc¬ 
tion of CR covariant fractional powers of the sub-Laplacian on more 
general CR manifolds, we refer to [16] and references therein. Here we 
just consider the case of the Heisenberg group, since it is the one of 
interest. 

Introducing complex coordinates ( = x+iy G C”, we can identify the 
Heisenberg group with the boundary of the Siegel domain Hn+i C 
which is given by 


^n+l {(Cl) • • • ) Cn+l) — (C) Cn+l) G C" X C | q{(, Cn+l) > 0} , 


with 


n 


*?(C)Cn-|-l) IhI Cn+l ^ "y I Cj I ) 


through the map (C,t) G H" — )■ (C,t-l-7|Cn ^ d^ln+i- It is possible 
to see that X = Hn+i is a Kahler-Einstein manifold, endowed with 
a Kahler form a;+ (which precise expression can be found in formula 
(1.4) in [IB]), and a corresponding Kahler metric (see formula (1.6) 
in pro]). Using this metric, one can see that Hn+i can be identihed 
with the complex hyperbolic space. The boundary manifold M. = 
(9Hn+i inherits a natural CR structure from the complex structure of 
the ambient manifold. Given a CR structure, it is possible to associate 
to it a contact form 0, that in the specific case of the Heisenberg group, 
is given by 



( 2 . 1 ) 


This form satisfies QiT) = 1. 

Scattering theory tells us that for s G C, Re(s) > ^J^cl except 
for a set of exceptional values, given / smooth on A4, the eigenvalue 
equation 

— Ag+u — s(m — s')u = 0, in X 
has a solution u with the expansion 


M — f- 

The scattering operator is defined as 



u = -|- q^G for some F,G E G°°{X), 


S{s) :C^(M) ^C^(M) 


by 


S(s)f:=GiM- 
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We set s = for 7 G (0,m)\N. The conformal fractional sub- 
Laplacian on = Ai (associated to the contact form 6) is dehned in 
the following way: 


77 = C-,S(s)f, 


( 2 . 2 ) 


for a constant 


= 


227-1 ^( 7 ) 

7r(-7)’ 


For 7 = 1 and 7 = 2 we have (see my- 


Ff = -AH and P® = 


A crucial property of P® is its conformal covariance. Indeed, if we 

^ 2 

consider a conformal change of the contact form 6 = then the 

corresponding fractional operator is given by: 

V^{-) = w "+i-t'P®(m; •). 


For further details on CR covariance and on the geometric properties 
of the operator P® we refer to [16]; here we just emphasize that this 
covariance property is reflected in the fact that the extension operator 
C dehned in fll.4l) well behaves under CR inversion (as we will see later 
in Section 3), and this will be crucial in the proof of our main result. 


As explained in the introduction, one of the main result in [12], is the 
characterization of these fractional operators via the extension problem 
( 11 . 21 ) . Since throughout this paper we will work on this lifted problem in 
the extended space, let us introduce some notations in H” = H"' x M’*'. 

Since, the contact form 6 is hxed (and it is the one dehned in fl 2 .ip ). 
for simplicity of notations we will write V.y instead of V^. 

Analougsly to H"', in H"' we dehne the following group low (that for 
simplicity of notation we still denote by o): 

for X = {xi, ■■■ , Vn, t, A) e H” and Z = {xi, ■ ■ ■ , Xn,yi, ■ ■ ■ , ilm y A) e 

H”, we set 


zoz:={x + x,y + y,i+t + 2 — yjXj), A + A). 

1=1 


Moreover we consider the norm given by 

klfi. := [{\x\^ + \y\^ + Xr + t^]'^- 


Finally we denote the distance dg between 7 and z, by 

d^{z,z) ■= o 7 |g„. 
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Observe that when A = A = 0, that is z and z belong to EI*^, z) = 
djsiz, z). Moreover, given z e H” we set 

B[z, R) = {z^ I 4(z, z) < R} 
and for any zq G H” x {0} we denote 

B~^{zo, R) = {z ^ X M'*' I d^{z, zq) < R, \ > 0}. 

The operator C (dehned in fll.dp h writing explicitly all the terms, 
becomes 


C 


dX^ 


n 


+5: 


dx‘j dy'j dxjdt ^^dyjdt) 


+ 4(A^ + + yj)) 

i=i 


dR 


Also in this case, we can write C = div(AV^), where now A is the (2n+ 
2) X (2n + 2) symmetric matrix given by auj = dkj ii k, j = 1, ■ ■ ■ , 2n, 

®j(2n+l) ®(2n+l)j 2|/j if J 1, • • • , Ti, Clj(2n+1) ®(2n+l)j 

j = n + 1, • • • , 2n, a(2n+l){2n+l) = 4(|a;p + \y\^ + A^), a(2n+2){2n+2) = 1, 

flj(2n+2) = fl(2n+2p = 0 if j = 1, • • • , 2n + 1. 

In the sequel it will be useful to express C for cylindrical and radial 
functions. 

For a point z = (x, y, t, A) G H”, let 

^ = (Lt + l!/r + 

p=(r‘ + i=)V‘, 

Suppose that T is a radial function, that is, 4/ depends only on p; then 
a direct computation gives: 

94/ 94/ dp _o 2 94' 94' 94/ dp _o ^ 

94/ 94/ dp _3 2^^^ 

9A dp dX ^ ^ dp' 
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Then we deduce that 


d‘^'^ + 2 p‘^a;| — 3r‘^a;| d'^ 

dx'j p® dp'^ p’^ dp' 

^2^ j.4.y2 Q2-q, p4^2 2p‘^y‘j - 3r^y‘^ 

dy'j p® 9p2 p^ dp' 

a^T pV2 + 2p^X^ - aT 

dX^ p® ap2 dp' 

a^T _ f a^T 2p^ - 3^2 aT 
at^ 4p® ap2 4p’^ ap ’ 

Hence, by using that 


1 

p® 


+ r'^pl) + r^A^ + r^t^) 
i=i 


p^ 


and 


— [(2n + l)pV2 + (2p^ - 3r^ + (2p^ - dt^)) (^(xj + pj) + A^)] 
^ t=i 


= — [(277, + l)p^r^ + 2p^r^ — 3r® + r^(2p^ — 3t^)] = 


P‘ 

we conclude that 


QX 

p3 


/:t(p) = 


r 2 /d 2 ^(p) Qd^(p)A 


+ 


p 2 \ dp"^ p dp J 


(2.3) 


In a similar way, we deduce that for a cylindrical symmetric function 

0 = t), 


CS^^ + 9jLi?± + 

^ ar 2 ^ r ar at^ • 


(2.4) 


Using the radial form (12. 3 h for £, an easy computation yields the fol¬ 
lowing lemma. 


Lemma 2.1. Let 'il^{p) = = ^iu+i for p 7 ^ 0. Then we have that 


Cip{p) = 0 m H"' X \ {0}, 
-|-^(p) = 0 on H” X {A = 0} \ {0}. 


(2.5) 
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3. CR INVERSION 

Following |1] and I2SI. we define the CR inversion in the half-space 

= H*" X M+. 

For any {x,y,t,X) G H”, let as before r = {\x\‘^ + |i/p -|- A ^)2 and 
p = {r'^ + t^)^. We set 

Xit + yy ^ yit - xy ~ t ~ X 
4 ^ Vi 4 I ^ 4’'^ 2' 

The CR inversion of a function U defined on H!!, is given by 


v{x, y, t, X) = {x, y, i, A). 

The following lemma shows which equation is satisfied by the CR in¬ 
version of a solution of problem fll.7p . 

Lemma 3.1. Suppose that U G ) nC(]HI!J: ) is a solution of fll.7p . 

Then the CR inversion v of U satisfies 

Cv = 0 in 

= pP(Q-i)-W+i)yP on H” X {A = 0} \ {0}. 

Proof. Since it is just a long computation, we will give the details of 
the proof for cylindrical solutions U{r,t), but the statement holds true 
for any solution. 

It is clear that 


= |xp -h y -I- A^ = 


and 


In the same way: 






-1-|i/P-I-A^) -I-|i/p-I-A^) 

? ^ 

p = drd + = -■ 


y = \y + y 


p 




Therefore, if U depends only on (r, f) (respectively on (ro,f. A)), then 
so does also v. The following relations are useful 


dr P 
dr 

dr 


P 


dr 


-6 ’ dt 


-rt 




dt Atr^ dt 2C — C — r 


4 ^2 _ ^4 


’ dt 




P“ 
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Now we have 

dv (1 — Q)r^ 


dr 


P 


Q+3 


1 d^—r'^dU dU. 

pQ-i p6 df ^ eft 


and 


d'^v d Al — Q)r^. 2{1 — Q)r'^ . dU ArH^dU, 

Q^2 ~ pQ+3 ^ pQ+3 + { „8 


df 


^ dt 


1 ,dA‘^ — T^-.dU d ArH.dU, 

I ( o ) /-x?" 


pQ-^^dr^ p6 ^ dr^p^ di 

1 


P 


Q-l 


2(—i^) + (—^)(—)— + (—f— 


P“ 


d^2 


P" 


p8 p8 ^5^2 


The derivatives with respect to t are given by 

dv {1 — Q)t^^ 1 .—rtdU f^ — r‘^ dU, 

dt 2p‘3+3 pQ-l p6 QP pS Qj- 


and 


d‘^v dAl — Q)t^ 2{1 — Q)t ,.—rt.dU .f^—r^ dU 

~ V o.^0+3 ^ oToTa K ) or V Is > or 


at2 ^ 2pQ+3 


2pQ+3 p6 2 


P° 


dt 


1 (9 — rt (9t/ (9 (9t/ 

p6 p8 Ql 


1 1/—Tt,n(9^t/ ,—rt^A‘^ — r^-.d‘^U A'^ — r'^^odUi 


P 


Q-l 


(—^)^^ + (—4)( 
>6 ^ (9^2 ^ ^ p« 


p» 


drdi 


+ 


p“ 


(9^2 


1 .(9 —rt.dU d 

r^ll372( —)— + 757(—3^)—I- 


pQ-'^'-dt p® (9r (9t p' 

Let us denote 


dt 


d'^U d^U d^U dU dU 

f-U — ai ^ p ^ + 02 + 03^75- + + 02^ + c[/. 

ar"' drdt dA dr dt 


Then 


c = 0, 


Oi = 

02 = 

03 = 


1 

pQ +11 

1 

pQ +13 

1 

pQ +15 


[(^2-0' + 4r2(rt)2] = 

[2(t^ — r^)(4r^t) — 8r‘^{rt){A — r^)] = 0, 

[16r6t2 + 4r2(t2_r4)2] = ^^. 
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By using that 

(9 ——4r^(t^ + r^) 6(t^ — r^)r^ 
dr p® p^® ’ 

d —rt. r(t^ + r^) Srt"^ 

we can see that 

_ 2(1-g)r^(t"-r^) 1 a t"-r^ 

T^pQ+Q pQ~i p6 

g — 2 (t^ — + r"^) 4r^(l — g)(—r^t^) 4r^ d —rt, 

T pQ+9 7"pQ+9 p*3~l dt p® ^ 

2(1 — g)r^(t^ — r^) —4r^(t^ + r"^) 6(t^ — r^)r^ 

^pQ+9 ^ '/^pQT9 

g — 2 (t^ — + r"^) 4(1 — g)(— 

L pCT9 '/^pQT9 

4r^(t^ + r^) 12r^t^ 

pQ~\~^ ^pQ+9 

1 (g - 2)p2 1 (g - 2) 


We have that 

(9 4r®t 12r^t(t^ + r^) 32r®t 

dr p® p^2 p^2 ’ 

(9 2t(t^ + r^) 4t(t^ — r^) 

dt p® p^^ p^2 

Then we see that the following term vanishes, that is, 

8(1 — g)r®t 1 dArH A{Q — 2)rH{t^ + r'^) 

^2 = pQ+ll ^ p8 > ^pQ+ll 

4(1 — g)r^t(t^ — r"^) 4r^ (9,t^ —r^, 

pQ+ii pQ-i dt p® 

8(1 — g)r®t 12r^t(t^ + r^) 32r®t 4(g — 2)r^t(t^ + r^) 

pQ+ll pQ+11 pQ+ll pC+ll 

4(1 — g)r^t(t^ — r"^) ArHif^ + r'^) 16r^t(t^ — r^) 
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This shows that Cv{x,y,t, \) = ^(^q+s) CU(x, y, t, A) = 0. Finally, the 
Neumann data becomes: 

^.dv 1 -odU _ _~~ 

■ 1™ aX= ■ 1‘” -^ 0 ' *• 

^ jQ+i) U’’{x,v,t,0) = 

□ 


4. Maximum principle and Hope’s Lemma 

Basic tools in the method of moving planes are the maximum prin¬ 
ciple and Hopf’s Lemma. We start by recalling the classical maximum 
principle for Hormander-type operators due to Bony [7]. 


Proposition 4.1. (]7]j Let V be a bounded domain in H"', let Z be a 
smooth vector field on V and let a be a smooth nonnegative function. 
Assume that U G C^(V) fl C^{V) is a solution of 

i-CU + Z{z)U + a{z)U>0 mV, 

jf/ > 0 on dV. ^ ^ 

Then U>0inV. 


We prove now two Hopf’s Lemmas. The first one is Hopf’s Lemma 
for the operator £ in a subset V of We hrst dehne the interior ball 
condition in this setting. 

Definition 4.2. Let V C H”. We say that V satisfies the interior dg- 
ball condition at P & dV if there exist a constant R > 0 and a point 
Zq G V, such that the ball B{zo,R) C V and P G dB{zo,R), where 
B{zo, i?) = {z G H'' I dg(z, zq) < R}. 


Lemma 4.3. Let V C H" satisfy the interior d^-ball condition at the 
point Pq G dV and let U G C^(V) fl C^(V), be a solution of 

-CU> ci{z)U m V (4.2) 


with Cl G L°°(y). Suppose that U{z) > U{Pq) 
Then 


lim 


U{Po) - U{Po - su) 


= 0 for every z G V. 

< 0 . 


s-^-O s 

where v is the outer normal to dV in Pq. 


Remark 4.4. We observe that if the function ci in Lemma \4.‘^ is 
identically zero, then we can drop the assumption U{Po) = 0. 
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Proof. By assumption, there exist a point Zq = (f i, •••, Vm t, A) 

and a radius i? > 0 such that the ball B{zo,R) C V and Pq ^ dB{zo, R). 
We consider the function 

^|J = for W > 0. (4.3) 

An easy computation yields 

0 = - x,fU - 2KU - 4/Ux. - + Si. 

and 


dxi dx\' 




dx'^ 


_ g-A(a:i-xi)^ 




dx'^ 


dyl 


— g-A(xi-£i)2 


^2/ 


2 ’ 




_ -K{xi-xiy 

dX^ 

where j = 2, ■ ■ ■ ,n, k = 1, 
Moreover, 


dX^' 

■ ,n. 


dxidt 

dxjdt 


= [-2W(a;i - + 


dU d'^U 


dt dxidP'' 




d^U 

dxjdt 


Therefore, we have 

CX + 4A:(a;i - hi)XS = [-AK‘^{xi - xifU + CU - 2KU] 

and hence for K sufficiently large, we deduce 

—CX — 4:K{xi — Xl)Xl^p > 0 . 


We introduce now the function (f = e 


_ ^-aR^ 


— e , where p = 


d^{z,zo), and 0 < p < P. Since (f depends only on the distance from 
Zq, and C and Xi are invariant with respect to the group action in H", 
we can use formula fl2.3p where now p = d^^zf^ ° z,0), and the factor 
^ is replaced by the function G{zq^ o z), where 


.e;=i(s^+2/|)+a^ 

G[Xi, Xn, yi, ■■■, Xj . r/r-^n / 9 o\ \9\9 .90 

[(e;=i(s+2/|)+^ ) 

Choosing a sufficiently large, we have 


(4.4) 


— £0 — 4W(a;i — xi)Xi(j) 

= [^(S^ ° - 2(Q + l)a) 

-8A:a(a:i - fi)pXip] > 0, 
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Let A \= R) \B{zo, Ri) for 0 < -Ri < R. For e: small enough 

il){z) + e(f){z) >0 in dA := dB{zQ^ R) U dB{zo, Ri). 

Then, by Proposition 14.II we obtain that 'ip{z) + e(j){z) > 0 in 
Therefore, using that 'ip{Po) = 0(-Po) = 0, we deduce that for s small 

V'(Po) - i>{Po - su) + e{(j){Po) - 0(Po - su)) < 0. 

Using that 0 is strictly increasing in p, we deduce 

lim V-(fo) - V-(Po - < 0, 

s->-0 S 

which, in turn, implies that 

s-^-O S 

□ 


For any C H”, we denote by C the inhnite cylinder 

C = X (0, +cxd). 

Before proving our second Hopf’s Lemma, let us recall the notion of 
interior ball condition in the Heisenberg group. 


Definition 4.5. Let H C H”. ITe say that H satisfies the interior 
Heisenberg ball condition at ^ E dfl if there exist a constant R > 0 
and a point fo ^ such that the Heisenberg ball Ph(^o, P) C H and 

fedBu{^o,R)- 


Lemma 4.6. Let H C H” satisfy the interior Heisenberg ball condition 
at the point P G and let U G C'^(C) fl C^{C), be a nonnegative 
solution of 

i-CU>Ci{z)U in C, 

\-dxU>C2iOU on H, 

with ci,C 2 G L°°{C) and ci is nonnegative. Suppose that f/((P, 0)) = 0 
and U is not identically null. 

Then 


dM{P, 0 ) < 0 , 


(4.6) 


where v is the outer normal to dfl in P. 


Proof. We follow the proof of Lemma 2.4 in 

By the strong maximum principle and by Lemma 14.31 we have that 

P > 0 on C U H. (4.7) 
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Indeed, the strong maximum principle ensures that t/ > 0 in C, more¬ 
over U cannot vanish at a point in II, otherwise at this point the Neu¬ 
mann condition would be violated by Lemma [4.31 

We start by proving the lemma in the case Ci(z) = C 2 (^) = 0. 

Since 12 satishes the interior Heisenberg ball condition at P, there 
exist zo £ ^ X {0} and i? > 0, such that the ball B~^{zo,R) is con¬ 
tained in the cylinder C and {dC fl {A > 0}) fl dB^{zo,R) = {(P, 0)}. 
We consider the set 

Al= (B+{zo,R)\B+{zo,R/2)^n{X>0}. 

We observe that {(P, 0)} = dA fl cIC fl {A > 0}. 

For z ^ A we consider the function iri{z) = e~°‘P — e~°‘^ , where 
p = d^{z, Zq). Writing C in radial coordinates as in fl2.3l] . we have that 

Ct]{p) = G{zq^ o z) (4a V - 2(Q -h l)a) 

where G is dehned as in fl4.4p . 

Therefore, for a sufficiently large, we have that 


-Cp<0. (4.8) 

By fl4.7l) we deduce that P > 0 on dB~^{zo, P/2) fl {A > 0}. Hence, we 
may choose e > 0 such that 

U — ep >0 on dB'^{zo, P/2) fl {A > 0}. 

Claim: U — ep > 0 in A. 

Indeed, using fl4.8l) . we deduce that —C{U — ep) > 0 in Al. Hence, 
by the maximum principle, we have that the minimum oi U — ep is 
attained only on dA (unless U — ep is constant). Now, on one side we 
have that 

U — ep > 0 on dA fl {A > 0}. 

On the other side, since dxp = 0 on {A = 0}, we deduce that —dx{U — 
ep) > 0 on dA fl {A = 0}. 

Thus, using Lemma 14.31 we conclude that the minimum of P — £?7 
cannot be achieved on (^B~^{zo,R)\B^{zq,R)/2)^ fl {A = 0}. This 
reaches the claim. 

Finally, since {U — ep){{P,0)) = 0, we deduce that di,{U — ep){{P,0)) < 
0, which in turn implies that d^U{{P, 0)) < 0 using that dyp{{P, 0)) < 0. 
This concludes the case Ci{z) = C 2 {^) = 0. 
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In the general case, we introduce the function v = e and we 
compute 

-Cv = -e-^^CU + 2(5e-^^Ux- I3^v 

> ci{z) - I3\ + 2l3e-^^{l3e^^v + e^\x) 

= ci{z) + 13‘^v+ 2l3vx. 

Therefore, we have 

—Cv — 2f3v\ > ci{z) + > 0. 

Moreover, for /3 large enough 

-dxv > {f3 + C 2 (z))v > 0. 

We can apply the hrst part of the proof to the function v, noting that 
the same argument works when the operator C is replaced by C-h2/3dx. 

□ 


5. Proof of Theorems 11.31 and 11.41 


In this last section we give the proof of our Liouville-type result. 
We consider a solution f/ = U{\{x,y)\,t, X) of 

{ CU = 0 in H” := H” x M+, 

-dxU = UP on (5.1) 

f/ > 0 in . 


First of all, we perform the CR inversion of U. For x = {x, y, t, A) G 
H", let 

where z = -^ {xt + yr'^, yt — —f, Ap^), r = ( + vj) + ^ 

and p{z) = {r'^ + = cig(z, 0). We have seen in Lemma [3T] that w 

satishes 

iCw = 0 in®!(\{0}, 

1^—cIaw = ff^^~^UiQ+^)yjP on IH"' X {A = 0} \ {0}. 

Observe that the function w could be singular at the origin and it 
satishes limp^oo= f^(0), hence 

C 


0 < w{z) < 


p{z)^ 


for p{z) > 1, 


(5.3) 
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for some positive constant C. We start now applying the moving plane 
method. We will move a hyperplane orthogonal to the t-direction and 
nse the if-reflection. More precisely, for any < 0, let 

= {z & I t = fi}, and = {z E H” | t < /i}. For 2 ; G we 
dehne z^ = {y, x, 2/i — t, \). To avoid the singnlar point, we consider 

\ y 

where = (0, 0, 2/i, 0) is the reflection of the origin. We recall that, as 
shown in the proof of Lemma [3.11 if U depends only on {tq, t, A), then 
so does w. 

Let now 

= 'W^{\{x,y)\,t,X) :=w{\{x,y)\,2y-t,X) 

= M^(//,a;,2/i-t, A) = w(^^), 

and 

Wf,{z) := Wf,{z) - w{z) = w{Zf,) - w{z), z G 
By using the invariance of the operator under the CR transform as in 
Lemma ITT] and the fact that p{z^) < p{z), we deduce that 

f CWf, = 0 in S” \ { 0 , e^}, 

[-dxWf,> c{z,p)Wf, on in’" \ { 0 ,e^}, 

.T^P— 1 

where c{z,p) = (Q+i)hp(Q_i) and is between w{z) and w^{z). By 

the dehnition of and w, we have that c{z,p) ~ C/p^ at inhnity. 

We now dehne the function: 

ho = p{z + (32G2n+2) 

where 62^+2 = ( 0 , • • • , 0 , 1 ), /92 > 0 and 

0 < < g - 1, pCP-^ < /?i/32, (5.4) 

where C is the constant in fl5.3p . 

We consider ^ 

= W^/ho in 

The following lemma will let us start moving the hyperplane from 
—00. 

Proposition 5.1. Assume that w G C‘^{W\_) fl (^^(EI”) \ {0} satisfies 
o. Then (i) For p < 0 with \p\ large enough, z/infs^ Wg < 0? ^hen 
the infimum is attained at some point zo E {e^}. (ii) For any po, 
there exists an Ri > 0 such that whenever infs^ Wg is attained at zq E 
\ {^v} '^^^h W^{zo) < 0 and p < po, then p{zo) = dg„(2;o, 0) < Ri. 
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Proof. We follow the proof of Proposition 6.3 in m- 
We first observe that by the maximum principle and Hopf’s Lemma 
(see Lemma [4.31) 

min{ta( 2 :) : z e 1) fl {A > 0}} = d > 0. 


We dehne for z & Ae '■= S+(0,1) \ i3+(0, e) the function 


4>eiz) = d 


p{zY Q — ^ 

1 — 


By Lemma [23] is harmonic in Ae and satishes ^ = 0 on Alg fl {A = 

0 }. 

By the maximum principle and Hopf’s Lemma we have that w{z) > 
(f>e{.z) for 2 ; G Ae- Since for every 2 ; we have lime_^o0£(^) = dp{zY~^ > 
d, we deduce that 


w{z) > d on H+(0,1) \ {0}. 


Since w{z) —)■ 0 as p{z) —)■ cx), it follows that for p large in absolute 
value, we have w < d in 1). For such p we have clearly > 0 

on B^{z^, 1), and therefore 

> 0 on (5.5) 

It follows that, for /r < 0 large in absolute value, 

infHL<0 implies infHL= inf HL. 


We conclude the proof of i) observing that W^{z) —)■ 0 as p{z) 00. 

To prove (ii), suppose that Zq is a minimum point of such that 
fF^( 2 ;o) < 0. We want to show that ^( 2 : 0 ) cannot be too large. 

By the dehnition of W^, a direct calculation gives 

f = Bipw, + + iX^SAdiW^) in \ {e„}, 

\-9awv > {c{z,fl) + n {A = 0} \ nn, 

where c{z,p) = and is between Wf^{z) and 

w{z). Since - {Q - l))p{z + /32e2n+2)“^ < 0, using the 

maximum principle we deduce that Zq does not belong to the interior 
of 

Assume now that Zq G n{A = 0}\{z^}. As above we conclude 

that 4'^(;2 o) < w(zo) < , and hence that c(zo,p) < Since 

= —I3il32p{z + /92e2n+2)~^, using assumptions fl5.4p . we would de¬ 
duce that dxW^{zo) < 0 if p{zo) were large enough. This is inconsistent 
with the fact zq is a minimum and concludes the proof of ii). □ 
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Proof of Theorem \1.4\ By Proposition 15.1[ deduce that for fi nega¬ 
tive and large in absolute value we have that > 0 and hence > 0 
in Let us dehne po = sup{/i < 0 | > 0 on T„\ea for all a < p}. 

We only need to prove that po = 0. Suppose that po 7 ^ 0 by contradic¬ 
tion. By continuity, > 0 in By the maximum principle (and 

Hopf’s Lemma), we deduce that = 0 in or 


> 0 


on 


-MO u n {A = 0} n {t < /io}) \ {e^J. (5.6) 

If = 0, then w would be even in the t variable with respect to 
t = Po < 0 and this would contradict the Neumann condition satished 
by w (we remind that < p{z) since we are assuming po < 0 ), 

hence = 0 is impossible and therefore fl5.6p holds. 

By the definition of po there exists pk Po, Po < Pk < ^ such that 

infs^, < 0- 

We observe that for some positive bp. 


mm 


w^,{z) I z e as+(e^„, Ipoimnni = b,. 


From this fact, using a similar argument to the one of point i) in Propo¬ 
sition EUl we deduce that 


W,, > 61 


m 


^+(eMo,l/^o|/2)\{e^J. 


Therefore, we have that 

lim inf {Wf,^{z) \ z e B+(e^,, |po|/2) \ {e^J} > bi. 


k^oo 


Using this bound and the fact that Wfj,^{z) —)■ 0 as p{z) —)■ 00 , we 
deduce that for k large enough, the negative infimum of is attained 
at some point Zk G \ \po\/2). 

By Proposition 15.11 we know that the sequence {zk} is bounded and 
therefore, after passing to a subsequence, we may assume that Zk Zq. 
we have that Wfj,f^{zo) = 0 and zq G fl {t = po}. 

n{A > 0} for an infinite number of k, then VW^^f^^Zk) = 0, 


By 

If Zk G 

and therefore, by continuity 


VIU^o(2ro) = 0. 


(5.7) 


If Zq G n H", then by Lemma 14.31 we have that ^{zq) < 0, 
which gives a contradiction. Analogously, using Lemma 14(61 we get a 
contradiction if we assume that zq G n {A = 0} fl {t = po}- 
In the case in which Zk G n{A = 0}n{t < pk}, we still 

have that the derivatives of IF^j. at Zk in all directions except the A 
direction vanish. Passing to the limit and arguing as above, we get a 
contradiction. Hence we have established that po = 0. This implies 
that V is even in t, but since the origin 0 on the t-axes is arbitrary, we 
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can perform the CR transform with respect to any point and then we 
conclnde that w is constant in the direction t. 

This shows that U is actnally a solution of the following problem 


AU = 0 inM^”+\ 

-d^U = UP on 


(5.8) 


Since we conclude the proof by using the standard 

Liouville type theorem for problem f|5.8p (see [TTl 1^ ). 

□ 


The following lemma allows us to deduce Theorem 11.31 by Theorem 


oi 


Lemma 5.2. Let u G C^(]H[") he cylindrically symmetric and positive 
(respectively nonnegative). Then the corresponding solution U of the 
extension problem (inii is cylindrically simmetric, i.e. U = f/(ro,t, A) 
with To = \/L- y"^, U is positive (respectively nonnegative) and more¬ 
over U e ncHH"). 

Proof. The main tool in the proof of the Lemma relies on the construc¬ 
tion of the extension U = S 1 / 2 U by using the Fourier transform in H"' 
(we refer for details to Section 5 in [16] and to 0)- Let us recall the 
Fourier transform of a smooth function u{(,t)j iCU) ^ I®") 


J^{u){p.)=[ u{C,U)'^^tdCdt, 


(5.9) 


where denotes the irreducible representation 


p > 0, 
p < 0, 


for a holomorphic function \['(^),^ G in the Bargmann space with 
orthogonal basis 




y/ai 


The inversion formula is given by 


on—1 r 

u{C,t) = / tr 7r*;fJ^(M)(/i) |ppd/i (5.10) 

Jr 


where is the adjoint operator of 

The extension operator £^ 1/2 maps a function u on the Heisenberg 
group to a function U = £ 1 / 2 ^ on H"' x (0, cx)). For every g > 0, every 
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multi-index vector a and E M., U{■, q) = Si/ 2 u{-, q) is implicitly given 

through the Fourier multiplier 


£l/2u{■,q)^{^l) = Ua{f^,q) = 0a(2|/i|g) uM, 
where Mo(/r) = 


(5.11) 


0«(2/) = 


r( 


|+n-|-2|a| 


) 


yl2 


r(7) 


y2 V 


^ 77. -|- 2|tt| 3 


and V(a, b, y) is the solution of Kummer’s equation 


V{a,b,y) = 


r(a) 




Note that the function q i—)■ £^i/ 2 m(- , q)Q{fJ^) solves the equation 

{(idqq + ^dg - fi'^q - \y\{n + 2\a\))Si/2u{-,q)Jn) =0, 

and therefore U = S 1 / 2 U satisfies 

Qdqq + -dq + qOu + 2 ‘^^j U = 0. 


(5.12) 


We observe that the change of variable q = ^ transforms equation 
(I5.12P above into the extension (ll.2p . 

For every multi-index vector a and /x G M, we have 

2n-i 


Ua{C,t,q) = 


TT 


n +1 


tr 7r^^0„(2|/7|g) u„(/i) l/x^ dy 


■)n—1 


TT 


n+l 


tr 7rjh0„(2|/i|g) ( / m(C, \y\^\dy 


/m 


')n—\ 


TT 


n+l 



tr0„(2|/i|g) l/xP dCdtdy. 


We observe that if u is cylindrically symmetric with respect to that 
is, for the rotation 7lx,y, 

u{C,t) = u(nx,y{C),t), 

then the extension g) of Si/ 2 u{-,q)^ is cylindrically symmetric 

with respect to C = {x, y) for each q. That is, 

U{C,t,q) = u{nx,y{C),t,(i)- 

After the change of variables q = A^/2, we deduce that U{(,t,X) is 
cylindrically symmetric with respect to C = (x, y) for each A. 

□ 
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Proof of Theorem li.M By Lemma I5.2[ we see that if m is a cylindrical 
function, that is m = u{\{x,y)\,t), then its extension U satisfying fll.2p 
is also cylindrical in the all halfspace H” x M’*', in the sense that U = 
U{\{x,y)\,t, \). Using this fact, the conclusion follows as a corollary of 
Theorem I1.41 

□ 
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